Introduction
Let G be a simple and simply connected complex Lie group, g its Lie algebra.
In the following I remove the restriction "G is of classical type or G 2 " made on G in the papers of Beauville, Faltings, Laszlo and myself [B] , [F] , [L-S] , [B-L-S] on the moduli of principal G-bundles on a curve. As I will just "patch" the missing technical points, this note should be seen as an appendix to the above cited papers.
Let M G,X be the stack of G-bundles on the smooth, connected and projective algebraic curve X of genus g. If ρ : G → SL r is a representation of G, denote by D ρ the pullback of the determinant bundle [D-N] under the morphism M G,X → M SL r ,X defined by extension of the structure group. Associate to G the number d (G) and the representation ρ(G) as follows: 
Moreover we may choose L in such a way that L ⊗d(G) = D ρ(G) .
The above theorem is proved, for classical G and G 2 , in [L-S] where it also shown that the space of sections H 0 (M G,X , L ℓ ) may be identified to the space of conformal blocks B G,X (p; 0; ℓ) (see 3.1.2 for its definition). Now, once the generator of the Picard group is known in the exceptional cases, this identification is also valid in general, as well what happens when one considers additionally parabolic structures as we did in ( [L-S] , theorems 1.1 and 1.2).
In fact, as we will see, to prove theorem 1.1 for the exceptional groups it is enough to prove the existence of the 60-th root of D ̟ 8 on M E 8 ,X . This will be deduced from the splitting of a certain central extension, which in turn will follow from the fact that B E 8 ,X (p; 0; 1) is one dimensional in any genus g as predicted by the Verlinde formula. However, in the papers of Faltings [F] and Beauville [B] this formula is proved only for classical G and G 2 : the missing step for the general case is that only for these groups the fusion ring R ℓ (g) as defined in (4.1) is shown to be quotient of the representation ring R(g). While preparing this note, I received a nice preprint of Fuchs and Schweigert [F-S] where a uniform proof valid for all simple g is given, not using Beauville's or Faltings paper. In the following however, I will rather adopt the original viewpoint and show how the missing step in [F] and [B] , interesting in itself and conjectured in ( [F] , Conj. 1) can be deduced from a certain formula (4.2.1) relating fusion and Kronecker coefficients: B], 8.3 ) is a ring morphism.
The above quoted formula is known to Kac ([K] , ex. 13.35) and Walton [W] in a different context (i.e. using another definition of the fusion coefficients) and to
Georgiev and Mathieu [G-M] in char. p > 0. In the context when the fusion coefficients are defined via coinvariants as they are here, it is shown as an intermediate step in [F-S] (sections 4 and 5). I have also included a proof of the formula here, using a variant of their argument, as it is simple and short. Let me also mention that a version of Theorem 1.2 is claimed in [T2] where it is shown how it may be deduced from the vanishing of certain Lie algebra cohomology groups. The argument here is different (and elementary).
Suppose g(X) ≥ 2. For the coarse moduli spaces M G,X of semi-stable Gbundles, we will see that the roots of the determinant bundle of theorem 1.1 do only exist on the open subset of regularly stable G-bundles which, as shown in [B-L-S] , has as consequence the following: 
(p, 0, 1) = 1 has the somehow surprising consequence that the stack M E 8 ,X and (for g(X) ≥ 2) the normal variety M E 8 ,X have a canonical hypersurface.
I would also like to mention the preprint [T1] of C. Teleman, which contains a different, topological approach to theorem 1.1.
Affine Lie algebras
(2.1) Let g be a simple finite dimensional Lie algebra of rank r over C. We fix a Cartan subalgebra h ⊂ g and choose a basis {α 1 , . . . , α r } of the associated root system. For each root α, we denote by α ∨ the coroot of α. Let P be the weight lattice, P + be the subset of dominant weights and (̟ i ) i=1,...,r be the fundamental weights. Given a dominant weight λ, we denote L(λ) the associated simple g-module with highest weight λ. Finally ( , ) will be the Cartan-Killing form normalized such that for the highest root θ we have (θ, θ) = 2.
(2.2) Let Lg = g ⊗ C C((z)) be the loop algebra of g and Lg = Lg ⊕ Cc the central extension of Lg with Lie bracket
We also need the Lie algebra of polynomial loops 
∈ Z , i = 0, . . . , r} and the set of integral weights by P + = { λ ∈ P / λ, α
. . , r be the fundamental weights: given λ ∈ P + , we may define λ ℓ = λ + ℓ̟ 0 . We denote P ℓ the set of λ ∈ P + such that λ ℓ ∈ P + mod Cδ: this is the (finite) set of λ ∈ P + such that λ, θ ∨ ≤ ℓ. Given
This module is also defined on Lg (by the integrability conditions). Let W be the Weyl group of g, i.e. the group generated by the fundamental reflections on P ⊗ Z R: 
An easy calculation shows that we have for λ ∈ P ℓ :
Hence we will also consider the affine Weyl group W ℓ : this is the group of motions on P⊗ Z R generated by the σ i = σ α i for i = 1, . . . , r and by
The walls of P ⊗ Z R are defined by the equation λ, α ∨ = 0 (or equivalently (λ, α) = 0) for each root α. The affine walls of P ⊗ Z R are the affine hyperplanes defined by (λ, α) = (ℓ + h ∨ )n for each root α and n ∈ Z 0. The connected components of the complements of the walls (affine or not) are called alcoves; they are fundamental domains for the action of W ℓ on P ⊗ Z R. There is a special alcove A defined by λ, α
The weights of the interior of A are the weights λ + ρ for λ ∈ P ℓ .
3. Conformal blocks.
(3.1) Fix an integer ℓ ≥ 0 and suppose p = (p 1 , . . . , p k ) are distinct points on X, labeled by λ = (λ 1 , . . . , λ k ) ∈ P k ℓ respectively. The vector space of conformal blocks is associated as follows. Let U = X {p 1 , . . . , p k } and consider the Lie algebra L U g = g ⊗ O(U). Choose local coordinates z i at each point p i and denote,
By the residue theorem, this is a indeed a Lie algebra action. The space of conformal blocks is defined as the coinvariants of H ℓ (λ) under this action:
According to Beauville [B] , the above definition may be simplified: suppose k ≥ 1 and let q ∈ X be another point, labeled by µ q . Then the inclusion L(µ)
where the action of L U g at q is defined by evaluation of f ∈ O(U) at q. Hence, in order to calculate conformal blocks, we may replace at least all but one of the (infinite dimensional) representations H ℓ (λ) by the (finite dimensional) representations L(λ).
(3.2) Let us consider the special case of X = P 1 . We fix a coordinate z and consider the case of two points p 1 = 0 and p 2 = ∞, labeled by λ 1 and λ 2 . Note that
This space is determined in ( [B] , Cor. 4.4): (λ * is the highest weight of L(λ) * ).
(3.2.1)
What happens if one adds one or more points follows from the proof of (3. 
Suppose we add a point q labeled by µ. Note that H ℓ (λ 1 )⊗L(µ) is still of level ℓ. By the above and (3.1.3), B G,
As H ℓ (λ 1 )⊗L(µ) satisfies the conditions of the Kac-Weyl complete reducibility theorem
we see that (3.2.1) implies
4. Proof of theorem 1.2.
(4.1) The fusion ring. Let R(g) be the representation ring of g. This is the free Z-module generated by the isomorphism classes of irreducible finite-dimensional representations of g (i.e. by the L(λ) with λ ∈ P + ). Its multiplicative structure is defined by the tensor product of representations, hence
Let R ℓ (g) be the free Z-modules generated by L(λ) with λ ∈ P ℓ . The multiplication
where n ν λµ = dim B G,P 1 (λ, µ, ν * ; ℓ), defines on R ℓ (g) a commutative ring structure (cf. [F] , [B] or [S] ). With this ring structure R ℓ (g) is called the fusion ring. There is a natural morphism of Z-modules π : R(g) → R ℓ (g) which may be described as
where λ ℓ ∈ P ℓ and w λ ∈ W ℓ are s.t. λ = w λ (λ ℓ + ρ) − ρ Let W = {w ℓ ∈ W ℓ / w ℓ (ν +ρ)−ρ ∈ P + }. Note that W is a system of representatives of the quotient W ℓ /W. We will deduce theorem 1.2 from the following proposition: 
where by definition A λ = w∈W ε(w)e 2πi wλ . Hence we get
Again by Weyl's character formula, we see
Now use the invariance of the Haar measure under multiplication by w: 
and then use the multiplicativity properties of characters:
As the tensor product decomposes ( [K] , 10.7) and characters are additive, it follows
which shows, after applying again the Kac-Weyl character formula, that we have
Now, using (2.2.2), we may sum again over the affine Weyl group W ℓ :
Finally, we integrate over the torus and arrive, using Proposition 3.3 at
which finishes the proof of the proposition.
(4.4) Proof of theorem 1.2: Let λ ℓ , µ ℓ ∈ P ℓ and w λ , w µ ∈ W ℓ be such that λ = w λ (λ ℓ + ρ) − ρ and µ = w µ (µ ℓ + ρ) − ρ. Suppose first that neither λ + ρ nor µ + ρ belong to an affine wall. Then we have
Here ( * * ) is proposition 4.2 and ( * ) follows from the following general formula:
Indeed, by symmetry it is enough to prove (4.4.1) for w µ = 1, i.e. µ ℓ = µ. Then it follows from the step (4.3.2) to (4.3.3) in the proof of proposition 4.2.
Suppose now that λ + ρ is on an affine wall. Then
This follows from (4.4.1), as when λ + ρ is on an affine wall there is a w ℓ ∈ W ℓ such that ε(w ℓ ) = −1 and λ = w(λ + ρ) − ρ.
(4.5) Application: From theorem 1.2 and [F] and ( [B] , 9.8) it follows now that dim B G,X (p; λ; ℓ) = (t ℓ )
, where t ℓ = (ℓ + h ∨ ) rank g I c q with I c the index of connection of g and q the index of the lattice of long roots inside the root lattice, i.e. = 1 in the ADE case, = 2 for B r , = 2 r−1 for C r , = 4 for F 4 and = 6 for G 2 .
Consider the case g = e 8 , ℓ = 1 with only one point labeled by 0 ∈ P 1 . In fact, for e 8 , the set P 1 contains only the trivial representation. As dim B E 8 ,P 1 (p; 0; 1) = 1 ( [B] , Cor. 4.4), we see α>0 2 sin π (1+h ∨ ) (α, ρ) 2 = t 1 . But then it follows that we have dim B E 8 ,X (p; 0; 1) = 1 for any X. 
Picard group of Q G itself is infinite cyclic; let me recall how its positive generator may be defined in terms of central extensions of LG.
(5.2) If H is an (infinite) dimensional vector space over C, we define the Cspace End(H) by R → End(H ⊗ C R), the C-group GL(H) as the group of its units and PGL(H) by GL(H)/G m . The C-group LG acts on Lg by the adjoint action which is extended to Lg by the following formula:
where γ ∈ LG(R), α = (α ′ , s) ∈ Lg(R) and ( , ) is the R((z))-bilinear extension of the Cartan-Killing form. The main tool we use is that ifπ : Lg → End(H) is an integral highest weight representation then for R a C-algebra and γ ∈ LG(R) there is, locally over Spec(R), an automorphism u γ of H R = H ⊗ C R, unique up to R * , such that (5.2.1)
is commutative for any α ∈ Lg(R) ( [L-S] , Prop. 4.3). By the above, the representationπ may be "integrated" to a (unique) algebraic projective representation of LG, i.e. that there is a morphism of C-groups π :
LG → PGL(H) whose derivate coincides withπ up to homothety. Indeed, thanks to the unicity property the automorphisms u associated locally to γ glue together to define an element π(γ) ∈ PGL(H)(R) and still because of the unicity property, π defines a morphism of C-groups. The assertion on the derivative is consequence of (5.2.1). We apply this to the basic representation H 1 (0) of Lg. Consider the central extension
The pull back of (5.2.2) to LG defines a central extension to which we refer as the canonical central extension of LG: Proof: Let H = H 1 (0). It suffices to show that the representationπ : L X g → End(H) integrates to an algebraic representation π : L X G → GL(H), which in turn will follow from the fact that in the case γ ∈ L X G(R) we can normalize the automorphism u γ of (5.2.1). Indeed, the commutativity of (5.2.1) shows that coinvariants are mapped to coinvariants under u γ . For g = e 8 , ℓ = 1 and λ = 0, we know by the Verlinde formula that these spaces are 1-dimensional, hence we may choose u γ (in a unique way) such that it induces the identity on coinvariants.
Corollary 5.5.-Suppose G = F 4 , E 6 , E 7 or E 8 . There is a line bundle L on M G,X such that the pullback to Q G is O Q G (1).
Proof: For E 8 , this follows from the above proposition. Now consider the well known tower of natural inclusions (5.5.1) F 4
